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Abstract
The effects of an impurity plaquette on the thermal quantum correlations measurement by the concurrence, on the quantum
coherence quantified by the recently proposed l1-norm of coherence and on the quantum teleportation in a Ising-XXZ diamond
chain are discussed. Such an impurity is formed by the XXZ interaction between the interstitial Heisenberg dimers and the
nearest-neighbor Ising coupling between the nodal and interstitial spins. All the interaction parameters are different from those
of the rest of the chain. By tailoring them, the quantum entanglement and quantum coherence can be controlled and tuned.
Therefore, the quantum resources -thermal entanglement and quantum coherence- of the model exhibit a clear performance
improvement in comparison to the original model without impurities. We also demonstrate that the quantum teleportation
can be tuned by its inclusion. The thermal teleportation is modified in significant way as well, and a strong increase in average
fidelity is observed. We furnish the exact solution by the use of the transfer-matrix method.
I. INTRODUCTION
The quantum resource theories [1, 2] play a central role
in the quantum information processing. In particular,
quantum coherence and entanglement are resources for
quantum technological applications i.e., quantum com-
munication and quantum computation [3–5]. Recently,
the role of the quantum coherence on Heisenberg spin
models has been considered [6–8]. Furthermore, recent
research reveals that these resources have a close connec-
tion with each other[9]. On the other hand, quantum en-
tanglement is one of the most fascinating features of the
quantum theory, and it has been regarded as an essential
physical resource for quantum computation and quantum
information. The Heisenberg chain is one of the sim-
plest quantum system which exhibits entanglement. For
this reason, the Heisenberg spin models have been ex-
tensively studied in condensed matter systems[10]. Also,
many schemes of teleportation via thermal entanglement
states have been reported[11]. In the context of the spin-
1/2 Heisenberg model with a diamond chain structure,
a novel class of the simplified versions of the so-called
Ising-Heisenberg diamond chain was introduced in Ref.
[13]. The various thermodynamic properties of it have
been extensively investigated[14]. Recently, the thermal
quantum entanglement in some exactly solvable Ising-
Heisenberg diamond chains have been extensively ana-
lyzed and discussed [15–18]. More recently, Rojas et al
[19] discussed the entangled state teleportation through
a couple of quantum channels composed of XXZ dimers
in an Ising-XXZ diamond chain.
Impurities play an important role in solid state physics
[20]. Even a small defect may changes the physical prop-
erties of the quantum system. In recent years, the study
of the spin chains with impurities has attracted much at-
tention [21, 22], including the various kinds of the spin
chains with a magnetic impurity[23]. In Ref. [24], the
tuning of the thermal entanglement in a Ising-XXZ di-
amond chain with two impurities was addressed.
Motivated by these mentioned developments, the
present work is addressed to a detailed investigation on
the influence of an impurity plaquette inserted in an
Ising-XXZ diamond chain. Such an impurity spin is de-
fined by a local change in the nearest-neighbor couplings.
We will focus on the analysis of the thermal entanglement
and on the quantum coherence in this impurity embed-
ded environment. It is shown that the impurities pa-
rameters can generate a significant enhancement on the
entanglement and on the quantum coherence. Besides,
we study the teleportation of an unknown state using
a couple of impure Heisenberg dimers embedded in an
Ising-XXZ diamond chain in thermal equilibrium as a
quantum channel. The effects due to it as well as those
due to the parameters of a Heisenberg interaction, an
Ising interaction and magnetic fields in the fidelity and
average fidelity are obtained analytically.
The organization of this article is as follows. In Sec.
II we introduce the Ising-XXZ model with an impurity.
In Sec.III, we obtain the exact solution of the model via
the transfer-matrix approach and its dimer (two-qubit)
reduced density operator. In Sec.IV, we discuss the ther-
mal entanglement and quantum coherence of the impu-
rity Heisenberg reduced density operator of the model.
In Sec.V, we study the effects of the impurity parame-
ters on teleportation scheme. We evaluate the fidelity
and average fidelity. Finally, the concluding remarks are
given in Sec. VI.
II. THE MODEL
In this section, we introduce the hamiltonian of the
spin-1/2 Ising-XXZ model on a diamond chain with one
plaquette impurity under an external magnetic field, h.
The model consists on the interstitial Heisenberg spins
(Sa,i, Sb,i) and Ising spins (σi, σi+1) located in the nodal
site, as shown in Fig. 1. The total hamiltonian of the
model may be written as
H =
N∑
i=1
Hi,
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Figure 1: (Color online) A schematic representation of an
Ising-XXZ diamond chain with one impurity inserted in the
i-th block of the primitive unit cell.
where Hi = Hhosti + Himpi , and the host hamiltonian
Hhosti can be expressed as
Hhosti = J (Sa,i,Sb,i)∆ + J1
(
Sza,i + S
z
b,i
)
(µi + µi+1)
−h
(
Sza,i + S
z
b,i
)
− h2 (µi + µi+1) .
for i = 1, 2, . . . , r − 1, r + 1, . . . , N
On the other hand, the impurity induced hamiltonian
Himpi , is defined by
Himpi = J˜ (Sa,i,Sb,i)∆˜ + J˜1
(
Sza,i + S
z
b,i
)
(µi + µi+1)
−h
(
Sza,i + S
z
b,i
)
− h2 (µi + µi+1) ,
for i = r ,
where the parameters J and ∆ denote the XXZ interac-
tion within the Heisenberg dimer, the nodal-interstitial
spins interaction are represented by the Ising-type ex-
changes J1, h denotes the longitudinal magnetic field in
the z direction and the impurity parameters are given by
J˜ = J (1 + α), ∆˜ = ∆ (1 + γ) and J˜1 = J1 (1 + η).
After straightforward calculations, the eigenvalues for
the XXZ dimer of the above host hamiltonian Hhosti can
be obtained as
Ei1,i4 =J∆
4
±
(
J1 ∓ h
2
)
(µi + µi+1)∓ h,
Ei2,i3 =− J∆
4
± J1
2
− h
2
(σi + σi+1),
where their corresponding eigenstates in terms of the
standard basis {|00〉, |01〉, |10〉, |11〉} are given, respec-
tively, by
|ϕi1〉 =|00〉i, (1)
|ϕi2〉 = 1√
2
(|01〉i + |10〉i) , (2)
|ϕi3〉 = 1√
2
(|01〉i − |10〉i) , (3)
|ϕi4〉 =|11〉i . (4)
Analogously to the impurity dimer, the eigenvalues of the
Himpi are
E˜i1,i4 = J˜∆˜
4
±
(
J˜1 ∓ h
2
)
(µi + µi+1)∓ h,
E˜i2,i3 =− J˜∆˜
4
± J˜1
2
− h
2
(σi + σi+1),
and the corresponding eigenstates are
|ϕ˜i1〉 =|00〉i, (5)
|ϕ˜i2〉 = 1√
2
(|01〉i + |10〉i) , (6)
|ϕ˜i3〉 = 1√
2
(|01〉i − |10〉i) , (7)
|ϕ˜i4〉 =|11〉i. (8)
Here, r = i.
III. THE PARTITION FUNCTION AND THE
DENSITY OPERATOR
In order to study the thermal entanglement, the quan-
tum coherence and the quantum teleportation, we first
must obtain a partition function for a diamond chain.
This model can be solved exactly through the transfer-
matrix approach [25]. In order to summarize this ap-
proach we will define the following operator, as a function
of Ising spin particles µi and µi+1,
̺(µi, µi+1) =
4∑
i=1
e−βEij(µi,µi+1)|ϕij〉〈ϕij | , (9)
where β = 1/kBT , kB is the Boltzmann’s constant and
T is the absolute temperature.
Straightforwardly, we can obtain the Boltzmann factor
by tracing out over the two-qubit operator,
w(µi, µi+1) = trab (˜̺(µi, µi+1)) = 4∑
j=1
e−βEij(µi,µi+1) .
(10)
The Boltzmann factor for an impurity is given by
w˜(µi, µi+1) =
4∑
j=1
e−βE˜ij(µi,µi+1) ,
where i = r. The Ising-XXZ diamond chain partition
function can be written in terms of the Boltzmann fac-
tors,
ZN =
∑
{µ}
w(µ1, µ2) . . . w(µr−1, µr)w˜(µr, µr+1)×
w(µr+1, µr+2) . . . w(µN , µ1) . (11)
Using the transfer-matrix notation, we can write the par-
tition function of the diamond chain straightforwardly by
ZN = tr
(
W˜WN−1
)
, where the transfer-matrix is ex-
pressed as
W =
[
w(12 ,
1
2 ) w(
1
2 ,− 12 )
w(− 12 , 12 ) w(− 12 ,− 12 )
]
. (12)
2
A similar formula can also be derived for the transfer-
matrix W˜ for the impurity case, namely
W˜ =
[
w˜(12 ,
1
2 ) w˜(
1
2 ,− 12 )
w˜(− 12 , 12 ) w˜(− 12 ,− 12 )
]
.
In it, the transfer matrix elements are denoted by w++ ≡
w(12 ,
1
2 ), w+− ≡ w(12 ,− 12 ) and w−− ≡ w(− 12 ,− 12 ). Af-
ter performing the diagonalization of the transfer matrix
(12), the eigenvalues are found, that is,
Λ± =
w++ + w−− ±Q
2
. (13)
It was assumed that Q =
√
(w++ − w−−)2 + 4w2+−.
Therefore, the partition function for finite chain under
periodic boundary conditions is given by
ZN = aΛ
N−1
+ + dΛ
N−1
− , (14)
where
a = 4w+−w˜+−+(w++−w−−)(w˜++−w˜−−)+Q(w˜+++w˜−−)2Q ,
d = −4w+−w˜+−−(w++−w−−)(w˜++−w˜−−)+Q(w˜+++w˜−−)2Q .
In the thermodynamic limit, the partition function will
be simplified. Thus we obtain ZN = aΛ
N−1
+ . Now, we
are interested in the thermal quantum correlations and
in the quantum teleportation. To reach out our goal it
is essential to obtain the reduced density operators ρ˜ of
the dimer Heisenberg impurity.
A. Two-qubit operator
In order to calculate the thermal average of the two-
qubit operator corresponding to an impurity, also called
reduced two-qubit density operator, we will use the ap-
proach recently studied in Ref. [24]. This way, we will
define the operator ˜̺ for an impurity as a function of the
Ising particles µr and µr+1, that is,
˜̺(µr, µr+1) =
 ˜̺1,1 0 0 00 ˜̺2,2 ˜̺2,3 00 ˜̺2,3 ˜̺2,2 0
0 0 0 ˜̺4,4
 , (15)
where the elements of the two-qubit operator are given
by
˜̺1,1(µr, µr+1) =e−βE˜r1(µr ,µr+1),
˜̺2,2(µr, µr+1) =1
2
(
e−βE˜r2(µr ,µr+1) + e−βE˜r3(µr ,µr+1)
)
,
˜̺2,3(µr, µr+1) =1
2
(
e−βE˜r2(µr ,µr+1) − e−βE˜r3(µr ,µr+1)
)
,
˜̺4,4(µr, µr+1) =e−βE˜r4(µr ,µr+1) .
The thermal average for each two-qubit Heisenberg op-
erator will be used to construct the reduced density op-
erator.
B. The reduced density operator for the impurity
The elements of the reduced density operator, ρ˜k,l, for
an impurity localized in the rth block (unit cell), can be
defined by
ρ˜k,l =
1
ZN
∑
{µ}
w(µ1, µ2) . . . w(µr−1, µr)˜̺k,l(µr, µr+1)×
w(µr+1, µr+2) . . . w(µN , µ1) . (16)
Using the transfer-matrix approach, ρ˜k,l can be alterna-
tively rewritten as
ρ˜k,l =
1
ZN
tr
(
W r−1P˜k,lWN−r
)
=
1
ZN
tr
(
P˜k,lW
N−1
)
,
(17)
where
P˜k,l =
[ ˜̺k,l(12 , 12 ) ˜̺k,l(12 ,− 12 )˜̺k,l(− 12 , 12 ) ˜̺k,l(− 12 ,− 12 )
]
, (18)
and ˜̺k,l(++) ≡ ˜̺k,l(12 , 12 ), ˜̺k,l(+−) ≡ ˜̺k,l(12 ,− 12 ),˜̺k,l(−+) ≡ ˜̺k,l(− 12 , 12 ), ˜̺k,l(−−) ≡ ˜̺k,l(− 12 ,− 12 ). The
unitary transformation that diagonalizes the transfer ma-
trix W is determined by U , which is given by
U =
[
Λ+ − w−− Λ− − w−−
w+− w+−
]
, (19)
and
U−1 =
[
1
Q
−Λ−−w−−
Qw+−
− 1
Q
Λ+−w−−
Qw+−
]
. (20)
Finally, the individual matrix elements reduced density
operator on the impurity defined in Eq.(16) must be ex-
pressed by
ρ˜k,l =
tr
(
U−1P˜k,lU
[
ΛN−1
+
0
0 ΛN−1
−
])
aΛN−1
+
+dΛN−1
−
. (21)
This result is valid for arbitrary number N of cells in
the diamond chain. In the thermodynamic limit, (N →
∞), the reduced density operator elements, after some
algebraic manipulation, becomes
ρ˜k,l =
Ak,l + Bk,l
M ,
where
Ak,l = Q [˜̺k,l(++) + ˜̺k,l(−−)] + 4w+− ˜̺k,l(+−),
Bk,l = [˜̺k,l(++)− ˜̺k,l(−−)] (w++ − w−−) ,
M = Q (w˜++ + w˜−−) + 4w+−w˜+−+
+(w˜++ − w˜−−) (w++ − w−−) .
All the elements of the reduced density operator due to
the impurity immersed on a diamond chain are
ρ˜(T ) =
 ρ˜1,1 0 0 00 ρ˜2,2 ρ˜2,3 00 ρ˜2,3 ρ˜2,2 0
0 0 0 ρ˜4,4
 . (22)
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It is worth to notice that, such an impurity reduced den-
sity operator is the thermal average two-qubit Heisenberg
operator, immersed in the diamond chain and it can be
verified that tr(ρ˜) = 1.
IV. THE THERMAL ENTANGLEMENT AND
THE QUANTUM COHERENCE OF THE TWO-
QUBIT HEISENBERG IMPURITY
In this section, we aim to study the impurity effects
of our model on the thermal entanglement and on the
quantum coherence. The quantum entanglement is a
special type of correlation, which only arises in quan-
tum systems. In order to measure the entanglement of
the anisotropic Heisenberg qubits in the Ising-Heisenberg
model on a diamond chain, we study the concurrence (en-
tanglement) of the two-qubits Heisenberg (dimer), which
interacts with two nodal Ising spins. We use Wootters
concurrence C to measure the entanglement [26, 27], that
is,
C(ρ) = max{
√
λ1 −
√
λ2 −
√
λ3 −
√
λ4, 0} , (23)
where the parameters λi (i = 1, 2, 3, 4) are eigenvalues in
the decreasing order of the operator R, which is given by
R = ρ · (σy ⊗ σy) · ρ∗ · (σy ⊗ σy) . (24)
ρ∗ denotes the complex conjugate of matrix ρ. In our
model, substituting the Eq. (22) in the Eq. (24), we get
the concurrence of two-qubits Heisenberg impurity,
C(ρ˜) = 2max{|ρ˜2,3| −
√
ρ˜1,1ρ˜4,4, 0} . (25)
The thermal entanglement in a Ising-XXZ diamond
chain was addressed in Ref. [15]. In it, the effects on
the thermal entanglement in an exactly solvable Ising-
XXZ diamond chain were investigated. In the present
work, we are interested in investigating the effects on
thermal entanglement, the quantum coherence as well as
the quantum teleportation caused by the impure dimer
isolated on an Ising-XXZ diamond chain.
On the other hand, the quantum coherence is a useful
resource for the quantum information processing task.
Here, we will employ the l1-norm[28] measure, defined as
Cl1(ρ) =
∑
i6=j
|ρij | .
The corresponding l1-norm of the quantum coherence of
the impure dimer described by the reduced density oper-
ator, ρ˜(T )(Eq.22), is given by
Cl1 = 2|ρ˜2,3|.
A. Concurrence
From now on, we will plot curves of the original model
with solid lines, while that for the Ising-XXZ diamond
chain with one impurity, we will use dashed lines. Also,
we set the parameters of the impurity as α = 0, γ = 0.8
and η = −0.8. In Fig. 2(a), the thermal concurrence,
C, as a function of the temperature T/J is depicted for
∆ = 1 (Ising-XXX isotropic model) and for several val-
ues of the magnetic field, h/J . It is shown that, for the
weak magnetic fields h/J , the concurrence in the dimer
with an impurity is maximally entangled, in contrast to
the model without impurity in which it is partially en-
tangled. So, the behavior of the concurrence is more
robust in the presence of an impurity. For strong mag-
netic fields, the concurrence is null for low temperatures
in this case. However, with the temperature increasing,
we have a sudden birth of entanglement until the max-
imum value C ≈ 0.22 is reached. Then, it completely
disappears in the threshold temperature, T/J ≈ 1.12.
It should be noticed that, in this case, the model with-
out impurity is partially entangled at low temperatures,
in contrast for the case with higher temperatures, where
the impurity enhances the thermal entanglement. In Fig.
2(b), we plot the concurrence C as a function of temper-
ature T/J for the anisotropic parameter ∆ = 1.3 and
for several values of the magnetic field. For weak mag-
netic field and for the temperature 0 6 T/J . 0.2, the
behavior of thermal entanglement is maximum for both
models. When the temperature increases it is possible
to observe the strong influence of the impurity. The en-
tanglement is more robust and the threshold tempera-
ture increases in the model with the impurity, reaching
the value T/J ≈ 1.26. For strong magnetic fields, the
concurrence disappears for the impurity case. One can
observe that, as the temperature increases, for the phe-
nomenon of the entanglement, a sudden birth occurs and
the concurrence reaches the value C ≈ 0.26. Then, it sud-
denly disappears at T/J ≈ 1.26. Furthermore, it can be
seen that the threshold temperature is improved for var-
ious values of magnetic field in the Ising-XXZ diamond
chain with impurity.
B. The l1-norm of coherence
In order to illustrate the quantum coherence in our
model, the l1-norm Cl1 versus the temperature T/J is
plotted in Fig. 3 for different values of the magnetic field
and for the anisotropic parameter∆ = 1 and∆ = 1.3, re-
spectively. In Fig. 3(a), we observe a dramatic increase
in the l1-norm Cl1 for weak magnetic fields, when the
impurity is included in the model. For the strong mag-
netic field case, h/J = 2.0, the impurity diamond chain
has a singular behavior in the quantum coherence. For
low temperatures, the quantum coherence is null. Sud-
denly, the system increases the coherence, reaching the
value Cl1 ≈ 0.25 and decreasing monotonically as soon as
the T/J increases. In Fig. 3(b), the results of Cl1 indi-
cate that, for low temperatures, the quantum coherence is
maximum, that is, Cl1 = 1.0, for both models. However,
for the higher temperature, the quantum coherence with
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Figure 2: (Color online) The concurrence C as a function of
T/J , with J1/J = 1. For the model Ising-XXZ without
impurities (solid curve), we have α = 0, γ = 0 and η = 0.
With an impurity(dashed curve), we fixed α = 0, γ = 0.8 and
η = −0.8. (a) ∆ = 1.0 . (b) ∆ = 1.3.
impurity is more robust for the weak magnetic field case
in comparison to that without it. On the other hand, for
strong magnetic fields, the quantum coherence behavior
is very similar to that of the concurrence: at first, it is
null and soon a sudden birth occurs until it reaches the
value Cl1 ≈ 0.28. Soon after, it monotonically decreases
with the increasing of the temperature. It is interesting
to notice that both the concurrence and the quantum
coherence have the same behavior at low temperatures,
but when the temperature increases, the quantum coher-
ence happens to predominate over the quantum entan-
Figure 3: (Color online) The l1-norm of coherence Cl1 as a
function of temperature T/J for J1/J = 1.0 and different
values of the magnetic field h. (a) ∆ = 1.0. (b) ∆ = 1.3. The
impurity parameters are set to α = 0, γ = 0.8 and η = −0.8.
glement(see Fig. 2 and Fig. 3).
C. Threshold temperature
We now investigated the effects of the temperature
on the behavior of the thermal concurrence and on the
quantum coherence with the presence of a strong exter-
nal magnetic field. Figures 2 and 3 show an unusual
behavior in the concurrence and in the quantum coher-
ence (l1-norm) for strong magnetic fields (h/J = 2.0 and
h/J = 2.2). In Fig. 4, we display the phase diagram of
the entangled region (E) and the disentagled region (D),
5
as a function of both the anisotropy parameter ∆ and
the threshold temperature Tth/J for some values of the
magnetic field and the fixed value J1/J = 1. Also, we
set the parameters of the impurity as α = 0, γ = 0.8
and η = −0.8. Here, the threshold temperature, delim-
its the regime of the entangled spins (finite concurrence)
and the disentangled spins (vanishing concurrence). The
entangled region (E) is the entangled state in the quan-
tum ferrimagnetic phase, which was denoted by ENQ,
while the disentangled region (D) is the unentangled fer-
romagnetic state which is denoted by UFM (see Ref.
[15]). It is observed from Fig. 4 (a), for strong magnetic
field (h/J = 2.0), the re-entrant behavior of the thermal
entanglement when the anisotropy parameter (∆ = 1)
is sufficiently close but slightly below the ground-state
boundary between the ENQ and UFM phases (see Ref.
[15]). Under this condition, the concurrence/coherence
starts from zero (see blue dashed line) in UFM phase
(disentangled), then it transits from the disentagled state
to the entangled one in the ENQ phase, that is, an in-
crease in the temperature makes the system thermally
entangled(the sudden emergence of quantum coherence)
to finally return to the non-entangled UFM phase. In
Fig.4 (b), we display the phase diagram for both the en-
tangled region and the disentangled one as a function
of the anisotropy parameter and the threshold temper-
ature, for a fixed value of the magnetic field h/J = 2.2
and ∆ = 1.3. In this figure, the green dashed line shows
the transition going from the disentangled region to the
entangled one, and then back to the former(D-E-D). This
transition is made possible solely due to the re-entrance
of the impurity bipartite entanglement.
V. THE THERMAL ENTANGLED TELEPORTA-
TION
In this section, we implement teleportation through-
out an entanglement mixed state; it can be regarded as
a general depolarizing channel [29, 30] and we investi-
gate the influence of the impurity of the Ising-XXZ dia-
mond chain on the quantum teleportation. We study the
quantum teleportation via entangled states of a couple of
impurity Heisenberg dimer in the Ising-XXZ diamond
chain. We consider two qubits in an arbitrary unknown
state |ψin〉 as a input, that is,
|ψin〉 = cos
(
θ
2
)
|10〉+ eiφ sin
(
θ
2
)
|01〉 ,
where 0 6 θ 6 π and 0 6 φ 6 2π. Here, θ describes an
arbitrary state and φ is the corresponding phase of this
state. In the density operator formalism, the concurrence
Cin of the input state, ρin = |ψin〉〈ψin|, can be written
as
Cin = 2|eiφ sin
(
θ
2
)
cos
(
θ
2
)
| = | sin(θ)| .
Figure 4: (Color online) The concurrence C depending on
the anisotropy parameter and threshold temperature, when
J1/J = 1 and α = 0, γ = 0.8 and η = −0.8. (a) h/J = 2.0
and ∆ = 1.0 (blue dashed line). (b) h/J = 2.2 and ∆ = 1.3
(green dashed line).
When the quantum state ρin, which is depicted in Fig.
5, is teleported via the mixed channel ρ˜ch, the output
replica state ρ˜out can be obtained by applying a joint
measurement and the local unitary transformation to the
input state ρin[29, 30],
ρ˜out =
∑
i,j={0,x,y,z}
pipj (σi ⊗ σj) ρin (σi ⊗ σj) ,
in which pi = tr
[
Eiρ˜ch
]
, E0 = |Ψ−〉〈Ψ−|, E1 =
|Φ−〉〈Φ−|, E2 = |Φ+〉〈Φ+| and E3 = |Ψ+〉〈Ψ+|, where
|Φ±〉 = 1√
2
(|00〉 ± |11〉) and |Ψ±〉 = 1√
2
(|01〉 ± |10〉) are
6
ρin
QuantumChannelρ˜out
Figure 5: The schematic representation for the teleportation
of the input state ρin, through a couple of independent im-
purity Heisenberg dimers (green lines) in an Ising-XXZ dia-
mond chain. The teleported output state is denoted by ρ˜out.
Bell states. Here, we consider the density operator chan-
nel as ρ˜ch ≡ ρ˜(T ).
The output density operator ρ˜out is described by
ρ˜out =
 c 0 0 00 f Ξ 00 Ξ g 0
0 0 0 c
 . (26)
The elements of the operators can be expressed as
c = 2ρ˜2,2 (ρ˜1,1 + ρ˜4,4) ,
f = (ρ˜1,1 + ρ˜4,4)
2 cos2
(
θ
2
)
+ 4ρ˜ 22,2 sin
2
(
θ
2
)
,
g = 4ρ˜ 22,2 cos
2
(
θ
2
)
+ (ρ˜1,1 + ρ˜4,4)
2
sin2
(
θ
2
)
,
Ξ = 2eiφρ˜ 22,3 sin θ .
By using the Eq. (26) in the definition of concurrence,
Eq. (23), we obtain the output concurrence Cout(ρ˜) which
is given by
Cout(ρ˜) = 2max
{
2ρ˜ 22,3Cin − 2|ρ˜2,2||ρ˜1,1 − ρ˜4,4|, 0
}
.
More recently, the teleportation of the same entangled
state was studied in this model without any impurities
[19].
VI. THE FIDELITY OF ENTANGLEMENT
TELEPORTATION
In this section, we mainly focus on how much entan-
glement is teleported. The fidelity between ρin and ρout
characterizes the quality of the teleported state. The fi-
delity is defined by [31, 32]
F = 〈ψin|ρout|ψin〉 .
After some algebra, one finds
F =
sin2 θ
2
[
(ρ˜1,1 + ρ˜4,4)
2 + 4ρ˜ 22,3 − 4ρ˜ 22,2
]
+ 4ρ˜ 22,2. (27)
Figure 6: (Color online) The density plot of the average fi-
delity FA as a function of ∆ versus T/J . (a) h/J = 0. (b)
h/J = 1.0. In these figures, the yellow solid curve is the con-
tour for FA = 2/3 in the model with impurity and white one
corresponds to the model without it. The black(white) re-
gion corresponds to FA = 1(0) and the gray regions indicate
an average fidelity, 0 < FA < 1.
The average fidelity FA of teleportation can be formu-
lated as
FA =
1
4π
2piˆ
0
dφ
pˆi
0
F sin θdθ .
According to the Eq.(27), one can get the analytic ex-
pression for FA as follows,
FA =
1
3
[
(ρ˜1,1 + ρ˜4,4)
2
+ 4ρ˜ 22,3 − 4ρ˜ 22,2
]
+ 4ρ˜ 22,2 . (28)
The average fidelity FA is dependent on the quantum
channel parameters. In order to transmit the input state
|ψin〉 with better fidelity than any classical communica-
tion protocol, FA must be greater than 2/3. Taking into
account the effects of an impurity on the fidelity of en-
tanglement teleportation, we compare it with that given
in the original model[19]. In Fig. 6, we illustrate the
density plot of the average fidelity FA as a function of
T/J and ∆, for the two fixed values of the magnetic field
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Figure 7: (Color online) The average fidelity of the teleporta-
tion FA is plotted against the temperature T/J . We consider
α = 0.0, γ = 0.8, η = −0.8 and J1/J = 1.0. (a) ∆ = 2.0. (b)
h/J = 0. Horizontal dashed line indicates the 2/3 constant
line.
h/J = 0 and h/J = 1.0, respectively. The black region
corresponds to the maximum average fidelity (FA = 1),
while that the white one corresponds to FA = 0. In ad-
dition, the white (yellow) curve is used to represent the
surrounding. The dark region (FA > 2/3) surrounded by
curve white(yellow) indicates where the quantum telepor-
tation will become successful, whereas the outside means
that the quantum teleportation fails to be observed in
the without(with) impurity case, respectively. In the Fig.
6(a), it is depicted the density plot of FA versus ∆ and
T/J , for the null magnetic field. As can be observe in
it, a wide region where the teleportation of information
is successful beyond the allowed region (limited for white
curve) in the impurity free case. This means that the
introduction of impurities allow the efficiency enhance-
ment of the quantum teleportation. It is also observed
that the quantum teleportation of the isotropic model
(∆ = 1) is only possible at T = 0, whereas in the pres-
ence of impurity it is possible for T > 0. In Fig. 6
(b), we have the density plot FA as a function of ∆ and
T/J , now for magnetic field h/J = 1.0. In it, we also
observe an enhancement in the efficiency of the average
fidelity due to the inserted impurity. This increase is in-
dicated by the region contorted by both the white and
yellow curves. In addition, in order to understand the
effects of the magnetic field h/J and the anisotropic pa-
rameters ∆ on the average fidelity, in Fig. 7, we plot FA
as a function of the temperature T/J under the condi-
tions ∆ = 2.0 and h/J = 0, respectively. In Fig. 7(a),
we fixed the anisotropic parameter as ∆ = 2.0. From
it, it is easy to see that they can enhance the average
fidelity for weak magnetic fields. For higher magnetic
fields and low temperatures the effect of the impurity
on the teleportation of information does not occurs. On
the other hand, in Fig. 7 (b), we fixed h/J = 0 and
we notice that for either ∆ = 0.5 or ∆ = 1.0, the aver-
age fidelity FA remains below 2/3, making it impossible
to the existence of the quantum teleportation of the in-
formation. However, when we consider the inclusion of
impurity, we have a dramatic increase of such a quantity
and, at low temperatures, it reaches its maximum and
soon afterwards decreases monotonically as soon as the
temperature increases. Taking into account the strong
anisotropy (∆ = 3.0), the average fidelity is the same as
that without impurity in low temperatures, but by in-
creasing the temperature, we observe a clear advantage
of the our model with impurity over the case without it.
These results show that we can get a significant enhance-
ment of the fidelity by the inclusion of impurities in the
structure of the model.
Finally, in the Fig. 7(b), the average fidelity exhibits
intriguing non-monotonous temperature dependence for
∆ = 0.5 in the classical communication region (red line).
In order to understand this behavior of the average fi-
delity, we rewrite Eq.(28) as FA = fp + fc, where
fp =
1
3
[
(ρ1,1 + ρ4,4)
2
+ 8ρ 22,2
]
,
fc =
4
3ρ
2
2,3.
The term fp is a function of the elements of the pop-
ulation of the density operator, while the term fc is a
function of the quantum coherence one. In Fig. 8 , we ob-
served the term fp decays to a minimum at T/J ≈ 0.18,
whereas the term fc is initially null from T = 0 to
T ≈ 0.05, then it increases the quantum coherence fc
at a rate greater than decay of therm fp. This way,
the average fidelity reaches the minimum at T ≈ 0.14,
increases until reaching a maximum and then decreases
monotonically. The curves of the average fidelity show
similar behavior in 0 < ∆ < 1.
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Figure 8: (Color online) The average fidelity of the telepor-
tation FA, fp, fc as a function of the temperature T/J for
the original model (α = 0, γ = 0, η = 0) with J1/J = 1.0,
h = 0 and ∆ = 0.5. Magenta vertical dashed line indicates
the minimum of the average fidelity and the brown vertical
dashed line indicate the minimum of the term fp.
VII. CONCLUDING REMARKS
In summary, we have investigated the effects due to the
inclusion of an impurity plaquette on the spin-1/2 Ising-
XXZ diamond chain. The concurrence and l1-norm of
the coherence is chosen as the measurement of the ther-
mal quantum correlation and they are obtained by means
of the transfer-matrix approach. We found that such a
inclusion in the system can induces a significant enhance-
ment on the thermal entanglement and on the quantum
coherence. It is found that the concurrence is more robust
for low magnetic field. For strong magnetic fields, we ob-
served a sudden birth of the entanglement. Similarly, this
behavior also appeared in the quantum coherence. We
have also discussed the teleportation of the two-qubits in
an arbitrary state through a couple of quantum channel
composed by impurity Heisenberg dimers in an infinite
Ising-XXZ diamond chain. We observe how the tele-
portation of information is successful beyond the allowed
region in the impurity free case. So, we showed that
the average fidelity of teleportation could be enhanced
for some suitable impurity parameters. The influence
of the impurity is more evident in the average fidelity
when we consider the null magnetic field. We saw that
it is possible to teleport information in a wide range of
anisotropic models. This is impossible in the model with-
out any impurity. As a final word, we state that consid-
erable enhancement of the teleportation can be achieved
by tuning the strength of the impurity parameters. This
can be used locally to control the quantum resources and
the quantum teleportation of the information, unlike the
original model where it is globally done.
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